x0. Introduction. The mod two cohomology of the three connective covering of S 3 has the form F 2 x 2n ] E(Sq 1 x 2n ) where x 2n is in degree 2n and n = 2. If F denotes the homotopy theoretic bre of the map S 3 ! B 2 S 1 of degree 2, then the mod 2 cohomology of F is also of the same form for n = 1. Notice (cf. section 7 of the present paper) that the existence of spaces whose cohomology has this form for high values of n would immediately provide Arf invariant elements in the stable stem. Hence, it is worthwhile to determine for what values of n the above algebra can be realized as the mod 2 cohomology of some space. The purpose of this paper is to construct a further example of a space with such a cohomology algebra for n = 4 and to show that no other values of n are admissible. More precisely, we prove: Theorem 1. There is a space X such that H (X; F 2 ) = F 2 x 2n ] E(Sq 1 x 2n ) with x 2n of degree 2n if and only if n = 1; 2; 4.
The \only if" part of theorem 1 can be considered, after 3] and 4], the mod two version of what we call there the Cooke conjecture. Its proof is similar to the proof for odd primes (which is contained in 3]), but one should be slightly more careful in small degrees. The most interesting goal of this paper is probably the construction of what we think to be a remarkable space X with H (X; F 2 ) = F 2 x 8 ] E(Sq 1 x 8 ) and degx 8 = 8. This paper represents a part of the p = 2 case of the general problem of the homotopy classi cation of spaces realizing cohomology algebras of the type F p x] E( x) where denotes the Bockstein homomorphism. The case of p odd was completely elucidated in 3] . The homotopy classi cation in the case p = 2 should appear in 4]. In particular, as any reader familiar with 3] would expect, there are in nitely many di erent 2-complete spaces realizing each cohomology algebra in the theorem and the proof of the homotopy classi cation theorem will not be short. The present paper has been written in a self contained way, and can be read independently of 3] and 4], although it may be helpful to be familiar with the techniques discussed there.
Since the technical details of the construction of a space X with H (X; F 2 ) = F 2 x 8 ] E(Sq 1 x 8 ) may look involved, we provide now an outline of the way in which X can be reached. Let F be the homotopy theoretic bre of the degree two map from S 3 to B 2 S 1 (as J. Aguad e and C. Broto are partially supported by DGICYT grant PB91-0467
Typeset by A M S-T E X noted above, F turns out to provide a space as in the theorem for n = 1) and let W be the homotopy quotient of F by an involution coming from a degree ?1 map of S 3 Before starting the computations in which we are interested we recall in this section some results about general mapping spaces which will be needed in the next section.
2.1. Let P be a nite p group and G a compact Lie group. The classifying space construction induces a bijection ( 7]) Rep(P; G) = BP; BG] Furthermore, for a given representation : P ! G, if C (P) denotes the centralizer of the image of , we have a homomorphism P C (P) ! G and BP BC (P) ! BG whose adjoint BC (P) ! map(BP; BGb 2 ) B is a mod{p equivalence, i.e. induces an isomorphism in mod{p cohomology.
2.2.
For an elementary abelian p group V and a p-complete space of nite type, there is a bijection ( 8]) BV; X] = Hom K (H (X); H (BV )) where K denotes the category of unstable algebras over the Steenrod algebra. Furthermore, the functor T V : K ! K, left adjoint to tensoring with H (BV ) computes cohomology of mapping spaces. If R is an object of K we write T V (R) =`f 2Hom K (H (BV );R) T V (R; f) as a sum of connected components. Then for a given map f: BV ! X, there is an isomorphism of algebras over the Steenrod algebra T V (H (X); f ) = H (map(BV; X) f ) provided T V (H (X); f ) is of nite type and free in d egrees 2. Recall that for p = 2 Lannes called a n object R of K free in degrees 2 if the kernel of the multiplication R 1 R 1 ! R 2 is generated by elements of the form x y + y x.
Moreover there is a coaugmentation " ! T V that under the above isomorphism corresponds to the map in cohomology induced by the evaluation map(BV; X) f ! X. (2) We are interested in the mapping space map(BD; W) f where f is the composition BD ! BO(2) ! W.
Interpreting the top row bration in diagram (1), BS 1 ! F ! S 3 , as a pull back diagram and applying the Borel construction ? Z=2 EZ=2 yields another pull back diagram (3) BO (2) x6. Non-realizability of PE-algebras
In this section we prove the main theorem stated in the introduction. Proposition 12. Let A be a PE-algebra which is an unstable algebra over the Steenrod algebra and such that Sq 1 (x) = y. Then A is isomorphic, as an algebra over the Steenrod algebra, to one of the algebras A, B i as de ned above.
Proof. Since the ideal generated by y is closed under the Steenrod algebra action the degree of x should be a power of two.
In the case when i > 0 the Adem relation We nish with some open questions which deserve further study.
The above proof relies on the map S 3 h3i ! S 3 and so it does not work if S 3 h3i is replaced by a space with the same cohomology but a di erent mod 2 homotopy type. All such spaces are classi ed in 4] and it would be interesting to know if the attaching map of the third cell of such a space should always be 2 .
In the present paper we have constructed a space X = S 8 2 e 9 e 16 whose cohomology is B 2 . Is = 2 ? In a similar way as in the case of S 3 h3i, the mod 2 homotopy types of all spaces with the same cohomology than X are classi ed in 4]. If X 0 is now one of these spaces, is also the third cell of X 0 attached through the Arf invariant map?
